Quantifying the universality of avalanche observables beyond critical exponents is of current great interest in theory and experiments. Here, we improve the characterization of the spatio-temporal process inside avalanches in the universality class of the depinning of elastic interfaces in random media. Surprisingly, at variance with the temporal shape, the spatial shape of avalanches has not yet been predicted. In part this is due to a lack of an analytically tractable definition: how should the shapes be centered? Here we introduce such a definition, accessible in experiments, and study the mean spatial shape of avalanches at fixed size centered around their starting point (seed). We calculate the associated universal scaling functions, both in a mean-field model and beyond. Notably, they are predicted to exhibit a cusp singularity near the seed. The results are in good agreement with a numerical simulation of an elastic line.
Numerous slowly driven non-linear systems exhibit motion which is not smooth in time but rather proceeds discontinuously via jumps extending over a broad range of space and time scales. Developing predictive models of avalanche motion and understanding their universality, or lack thereof, has emerged as an outstanding challenge of modern statistical physics [1] . In condensed matter recent developments have led to distinguish two broad classes, depending on the importance of plastic deformations. In systems such as dislocated solids, metallic glasses, granular media near jamming, plastic deformations play a crucial role and despite recent progresses a theoretical description is still under construction [2] [3] [4] [5] . In many other situations the description by an elastic interface driven in a disordered medium has proved relevant [6] [7] [8] [9] . Examples are domain walls in soft magnets [10, 11] , fluid contact lines on rough surfaces [12, 13] , strike-slip faults in geophysics [14] , fractures in brittle materials [15] [16] [17] [18] or imbibition fronts [19] . This class exhibits a dynamical phase transition -the so-called depinning transition -accompanied by collective avalanche motion. While the microscopic details of the dynamics are specific to each system, the large scale statistical properties of the avalanches are believed to be universal. The most studied quantities in this context are the critical exponents characterizing the scale-free probability distribution function (PDF) of avalanche total sizes S, P (S) ∼ S −τ S and durations T , P (T ) ∼ T −τ T . They are related to the roughness and dynamical exponents, ζ and z, defined at the depinning transition of the interface, using the scaling relations S ∼ d+ζ and T ∼ z with the lateral extension of the avalanche.
Recent improvements in experimental techniques allow studies of avalanches with higher accuracy and to access new, finer quantities, with the aim of distinguishing more efficiently the different universality classes. This notably includes the direct imaging of the spatio-temporal process of the velocity field inside an avalanche v(x, t) where x denotes the internal coordinate of the (d-dimensional) interface and t is the time since the beginning of the avalanche. A question of great interest is to under- stand whether and how scaling and universality extend to v(x, t).
Until now the focus was on the center of mass velocity v cm (t) ∼ d d x v(x, t) and the mean temporal shape at fixed duration T , v cm (t) T , where here T denotes the statistical average over all avalanches of fixed duration T . A scaling analysis suggests, through the sum rule S = dtd d xv(x, t), the existence of a scaling function f (t) was shown theoretically and studied experimentally in [20] [21] [22] [23] [24] . The beautiful parabola-shape predicted at mean field level, f temp (t) = t(1−t) (and γ = 2), stimulated the excitement around this observable.
Though very interesting, this observable does not contain information on the remarkable spatial structure of avalanche processes (see for illustration Fig. 1) . A characterization of even the mean spatial shape of avalanches in terms of a simple scaling function is presently lacking. In this Letter we propose and calculate such a scaling function. We consider the mean shape of avalanches at fixed total size S, for which a scaling analysis suggests (in real or in Fourier space S(q) S 
where S(x) = dtv(x, t) is the "local size" at x, f d (x) andf d (q) are radial scaling functions (hence x and q as arguments of the scaling functions always denote the norm of the vectors x and q), normalized as
Here the local size at x, S(x) is the local displacement of the interface between the beginning and the end of an avalanche at the point x, while the total size S is the area swept by the interface during the avalanche. Note that these definitions are not complete: there are various ways of centering an avalanche. Our proposal is to study the spatial structure by centering the avalanches on their starting points. Hence in (1) S denotes the statistical average over all avalanches of fixed total size S and starting point x = 0. We call this procedure the seed-centering which appears natural when one thinks of how an avalanche unfolds following a branching process (see Fig. 1 ). Furthermore, it permits analytical treatment and is thus appropriate to compare theory and experiments.
We first calculate the above scaling functions at the level of mean-field. This requires to go beyond the simplest mean-field toy model, the ABBM model [25, 26] which only describes the center of mass motion of the interface. To this aim we consider the Brownian Force Model (BFM), recently introduced as the relevant meanfield theory to describe spatial correlations [27] [28] [29] [30] . For this model, we even compute the full mean velocity-field inside a seed-centered avalanche of given size S which in general obeys the scaling form
More generally, in this Letter we consider elastic interfaces in the quenched Edward-Wilkinson universality class with short ranged disorder. In this context, the BFM is accurate for d ≥ d c , where d c is the upper critical dimension of the depinning transition, d c = 4 for shortrange (SR) elasticity and d c = 2 for the most common long-range (LR) elasticity. In lower dimensions d < d c , correlations play an important role. To take them into account and study this more difficult case, we use the Functional Renormalization Group (FRG) and calculate the scaling functions f d (x) andf d (q) perturbatively in = d c − d, to one-loop, i.e. O( ) accuracy (see [31] [32] [33] [34] for background on FRG, and [27, 30, 35, 36] for its application to the study of avalanches). We show that (4)) and LR elasticity (right, see (7)).
the scaling ansatz (1) holds and that the scaling functions contain only one non-universal scale σ (which is discussed in details below)
where F d andF d are fully universal and depend only on the space dimension d and the universality class of the model (i.e. range of elasticity and disorder). The precise model that is the starting point of our theoretical analysis (for elastic interfaces with short-ranged elasticity) is given in (12) . Our conclusions however apply in much greater generality and the details of the model are unimportant (once the range of elasticity and disorder correlation have been set). Indeed, since the scaling functions that we compute are universal and entirely determined by the properties of the FRG fixed point for models in the quenched Edward-Wilkinson universality class, any model in the same universality class leads to the same scaling functions. In the first part of the Letter we thus focus on stating our results, and report the discussion of the model and of the method to the second part. For a generic system, we expect scaling and universality to hold for avalanche of size S in a scaling regime S min S S max . Note that in (3), the space variable x is measured in units of S 1 d+ζ (see (1) ). In the original units, the universality in the avalanche shape should hold for both small and large x (compared to S 1 d+ζ ) as long as x min x x max where x min/max ∼ S 1 d+ζ min/max . We will start by discussing the exact results obtained for the BFM (defined below, see (12) ). These results are also of interests for the SR disorder universality class as the lowest order terms in the expansion (i.e. O( 0 ) terms) of the true universal scaling functions.
Results within mean-field: The BFM can be studied analytically in any dimension d. Let us first consider the case of SR elasticity. The exponents are τ S = 3/2, τ T = z = 2 and ζ = 4 − d. The scaling function in (2) admits a very simple expression:
which is plotted in Fig. 2 . Here we use dimensionless units, the original units can be recovered using x → mx, t → t/τ m and S → S/S m where τ m = η/m 2 and S m = σ/m 4 and the parameters η, m and σ are those in the equation of motion of the model (12) . Time integration of (4) confirms for the BFM the general scaling law (1) and (3) with
dtF (t, x) and σ = σ −1/4 . The result is simplest in Fourier space and does not depend on the dimension:
where erfc(z) =
depends on the dimension and can be expressed using hypergeometric functions [37] with
. BothF MF (q) and F MF d=1,2 (x) are plotted in black in Fig. 3 . A fundamental property ofF MF (q) is that it possesses an algebraic tailF MF (q) ∼ q −4 at large q, which generates a non-analytic term ∼ |x| 4−d in the small x expansion of F MF d (x) around the origin. Its behavior at large x is evaluated using a saddle-point on (4), leading to a stretched exponential decay with a d-independent exponent 4/3:
These results easily extend to LR elasticity, in which case z = 1, ζ = 2 − d and the mean shape in Fourier space is obtained replacing q 2 → q in (5). Let us also give here the spatiotemporal shape (2) for the experimentally most relevant case of d = 1, with
Results beyond mean-field for SR elasticity: For realistic SR disorder, the BFM is the starting point in the = 4 − d expansion. It is most clearly implemented in Fourier space, since the mean-field result forF d (q) does not depend on d:
where γ E is Euler's Gamma constant (see [37] for the choice of C). We then define the correction to the mean shape in real space as the d-dimensional Fourier trans- improved O( ) estimate, which, through a re-exponentiation procedure, takes properly into account the modification of exponents (10) and (11) (see [37] ). Note that the cusp at the origin of the avalanche shape at O( ) is not obvious in this plot since the non-analyticity is rather small, but it can be emphasized using a log-log scale (and measured in numerics, see Fig. 5 ).
. From the ILT expression (9) we obtain the following analytical properties of the O( ) corrections:
, interpreted as a change in the tail exponentη d :
with a universal prefactorÃ
). In real space this implies, in the expansion of
2 ). Restoring the S dependence from (1) this leads to
Note that in the BFM the valueη d = 4 = d + ζ implies that the large q behavior of S(q) S does not depend on S. This may seem natural: in the BFM the small scales do not know about the total size of the avalanche. A generalization of this property to the SR disorder case would suggest the guess η
Our result explicitly shows that this property fails withη d > d + ζ. Hence in the SR disorder case the large avalanches tend to be more smooth than small avalanches. Note that the predicted value of η d is smaller than 2 in all physical dimension: this non-analytic term should actually dominate the behavior of F d (x) around 0 (and thus lead to a cusp singularity). A possible interpretation of this cusp singularity is that around 0 the mean shape of avalanches F d (x) is dominated by avalanches whose largest local size is at their seed. This could correspond to the fact that such avalanches occur as a consequence of large fluctuations of the disorder that would pin a specific point of the interface for a long time. These would result in configurations of the interface with a single point well behind the rest of the interface. The depinning of such a point would then trigger an avalanche that is peaked around its seed [38] .
2) At large x, we obtain that the stretched exponential decay exponent of the mean shape is modified from its MF behavior δ MF = 4/3:
with a universal prefactor C = 3 4 + (
. Remarkably, using ζ = /3 + O(
2 ), this agrees to O( ) with the conjecture δ = d+ζ d+ζ−1 that we justify in [37] . Furthermore, the ILT expression (9) is easily calculated numerically. The corrections δF d (q) and δF d (x) are shown in Fig. 3 , together with the resulting estimates for the functions
Model and method: For SR elasticity, the equation of motion for the interface position u(x, t) (denoted u xt ) is
where η is the friction, m is a mass cutoff which suppresses fluctuations beyond the length m = 1/m and m 2 w t is the driving force. In the BFM, the random pinning force F (u, x) is an independent Brownian motion in u for each x with (F (u, x) − F (u , x)) 2 = 2σ|u − u |. For the SR disorder universality class, the second cumulant is (12) is analyzed using the dynamical field theory and the FRG [37] . This leads to an expression for S(x) S as an ILT: S(y) S ∼ LT −1 µ→S ( ũ 1 x=0 ξ )/ρ(S) where ρ(S) is the avalanche-size density (previously computed to O( ) accuracy in [30, 36] ) andũ 1 x=0 is the O(λ) term taken at x = 0 of the solutionũ x of the following differential equation (here in dimensionless units):
where ξ x is a white-noise of order √ and . ξ denotes the average over it. For the BFM, the result is thus obtained setting ξ x → 0 above. At O( ) for the SR disorder universality class, it is thus sufficient to solve (13) perturbatively to second order in ξ x . Here the fact that we are looking at the local size of avalanches at x = y and whose seed is centered at x = 0 is encoded in (13) as the fact that we are computing the value at x = 0 (seed position) of the solution of (13) with a delta source λδ(x − y) (local size position). The seed centering therefore allows analytical treatment here becauseũ x=0 only contains the contribution of avalanches starting at 0 (see [37] ). Using another type of spatial centering does not allow a similar simple treatment.
In our model (12) , the non-universal scale σ in (3) is m
where S m is defined from the ratio of the first two moments of the avalanche size distribution, S m = S 2 /(2 S ), which can be measured in numerics and experiments. Here denotes the average with respect to the avalanche size distribution. In cases where the numerical or experimental setup corresponds to our model (as in our simulations, see below), this prediction for σ allows unambiguous comparison between our results and the data. In cases where σ cannot be predicted, some scale-independent features of the mean-shape still allow comparison with the experiments. This includes the tail exponent ofF d (q) in (10), the small and large distance behavior of F d (x) in (11) , and the universal ratios c p =
(1.6944, 3.8197) for the BFM while (c 1 , c 2 ) (1.641 ± 0.001, 3.43 ± 0.02) for SR disorder to O( ). Numerical simulations. A convenient choice of SR disorder, amenable to Markovian evolution, is the Gaussian disorder F (u, x) with "Ornstein-Uhlenbeck" (OU) correlator ∆ 0 (u) = σδue −|u|/δu . It is defined by two coupled equations for the velocity v xt ≡ v(x, t) and the force F(x, t) (the first one being the time-derivative of (12)):
with χ xt a centered Gaussian white noise χ xt χ x t = δ d (x − x )δ(t − t ) and initial condition v xt=0 = F(x, t = 0) = 0. In the stationary regime, this model is equivalent [39, 40] to Eq. (12) withu xt = v xt and F(x, t) = F (u xt , x) and initial condition u xt=0 = 0. When 1/δu = 0 this model becomes equivalent to the BFM. We discretize time in units dt and space with periodic boundary conditions along x. To measure quasi-static avalanches, we apply a succession of kicks of sizes δw: we impose v xt = (m 2 /η)δw at t = 0 + (beginning of the avalanche), iterate (14) and wait for the interface to stop before applying a new kick [37] . To identify the seed of each avalanche, we record the velocity v(x, t) for the n t = 10 3 first time-steps of the avalanche. We find the position x max (n t ) of maximum velocity at t nt = n t dt (or at the end of the avalanche if it has stopped before), and then successively identify at each time step t n < t nt the position x max (n) defined as the neighbor of x max (n + 1) with the largest velocity at time t n . x max (n = 1) is identified as the seed of the avalanche. The size of the kicks is chosen small enough so that the probability to trigger several macroscopic and overlapping avalanches is negligible (see [37] for details). In dimension d = 1 we use a system of size L = 2048 discretized with N = L points and a mass m = 10/L. In Fig. 4 we show our results for the mean-shape for different values of S and compare with our theoretical predictions using the predicted value of σ (deduced from the measurement of S m ), hence with no fitting parameter. The results for the BFM are excellent. For the model with SR disorder, the improvement brought by the O( ) correction is substantial. If one instead uses a measurement of σ by e.g. setting the value of the shape at the origin, the agreement with the SR disorder model is, to the naked eye, almost perfect. We also measure properties independent of the value of σ : (i) in Fig.5 the small x and large q behaviors (ii) the universal ratios c p . We obtain (c 1 , c 2 ) (1.699 ± 0.003, 3.83 ± 0.05) for the BFM and (c 1 , c 2 ) (1.612 ± 0.004, 3.16 ± 0.03) for the model with SR disorder (error-bars are 3 sigma estimates). The above predictions are in perfect agreement for the BFM, and our O( ) corrections go in the right direction for the SR disorder case.
To conclude, we introduced an original way of characterizing the mean shape of an avalanche by centering around its seed. We obtained theoretical predictions for this observable and confronted them to numerical simulations. We also proposed a protocol to measure it. We hope that this work stimulates measurements of this quantity in numerical setups and imaging experiments.
Supplemental Material
We give here a derivation of the results presented in the main text of the letter and details on the numerical simulations.
Dynamical Field Theory Setting
Here we first introduce the formalism used to derive the results presented in the letter.
Equation of motion and dynamical action
As written in the main text, we consider the equation of motion for the over-damped dynamic of an elastic interface of internal dimension d in a quenched random force field and driven by a parabolic well of position w xt
where x ∈ R d , t ∈ R, u xt ∈ R (the space-time dependence is indicated by subscripts). The elastic-coefficient as been set to unity by a choice of units. In this formulation, the driving force of the parabolic well is f xt = m 2 (w xt − u xt ). The pinning force F (u, x) is chosen centered, Gaussian with second cumulant
(the overline denotes the average over disorder) where ∆ 0 (u) is a short-ranged function. Higher cumulant can also exist (i.e. non Gaussian force, and are taken into account in the FRG treatment). Note that here we have written the case of short-ranged (SR) elasticity with an elastic term of the form ∇ 2 x u xt . Other elastic kernels can also be considered, by changing
where
xx is a translationally invariant (g
x−x ) elastic kernel. In particular, we will consider the following kernel (here written in Fourier space) (g
x , here and throughout the rest of the Supplemental Material
which is known to be relevant in the description of standard long-ranged (LR) elasticity. In this situation, the parameter µ is related to the mass m as m = √ µ. In most of the following, we will deal with the SR elasticity case, and explicitly mention when we consider the LR one. Introducing a response fieldũ xt , the generating function of the velocity field G[λ xt ] = e xt λxtuxt is computed using the dynamical action formalism for the velocity theory, that is for the time-derivative of (15) [42, 43] :
The renormalized field theory As discussed in [30] , in the limit of small m, and in the quasi-static limitẇ xt = v → 0 + , universal quantities associated to the motion inside a single avalanche can be computed in an expansion in = 4 − d using an effective action identical to (18) 
, where σ and α = O( ) are renormalized quantities. σ is a non-universal parameter whose value is related to the two first moments of the avalanche size distribution through the exact relation 2σ/m 4 = S 2 / S . On the other hand α is dimensionless and universal at the FRG fixed point with value α = −2 /9 + O( 2 ). In terms of the action, this replacement reads S dis → S ef f dis = S tree + δ 1−loop S with
At lowest order in , the action is S ef f dis = S tree . Using the renormalized value of σ, it gives the exact result for universal quantities in d > 4. In any dimension, this tree/mean-field theory also corresponds to an interface slowly driven in a Brownian force landscape: for each x, F (u, x) is a Brownian in u independent of the others with (F (u , x) − F (u, x)) 2 = 2σ|u − u|. This is the Brownian Force Model (BFM). The O( ) corrections around the BFM are easily computed using the fact that δ 1−loop S can also be taken into account by introducing a fictitious Gaussian centered white noise ξ xt with correlations ξ x ξ x ξ = 8π
where ξ denotes the average over ξ. One-loop observables are thus rewritten as averaged tree observables in a theory with space-dependent mass
, the effect of ξ x can be taken into account pertubatively up to order O(ξ 2 x ).
Avalanches observables
Avalanches in non-stationary driving Let us first introduce our avalanche observables in a non-stationary setting. We refer the reader to [28] [29] [30] for more details on this procedure. We first prepare the interface is in its quasi-static stationary stateẇ xt ∼ v = 0 + , then turn the driving off:ẇ xt = 0 and finally wait for the interface to stop at some metastable position. Supposing we are in such a state at t = 0, we apply to the interface a step in the driving force localized at x = t = 0,ḟ xt = m 2 δwδ(x)δ(t) (local kick) and let it evolve. Information about the resulting motion of the interface is encoded in the generating functional G[λ xt ] = e x,t>0 λxtuxt . Remarkably, since the action (19) (written at one-loop in terms of ξ x (20)) is linear inu xt , the evaluation of G[λ xt ] through the path-integral formalism simplifies. The integration on the velocity fielḋ u xt leads to a delta functional and to the result:
xt is the solution of the so-called instanton equation:
here written in dimensionless units using the
σλxt , and omitting the hats in what follows, to lighten notations. The boundary conditions isũ xt = 0 for t = +∞. Here we will only be interested in single avalanche, defined as the response of the interface to an infinitesimal step in the force. We introduce the generating functional Z[λ xt ] as (expanding (21) in δw):
In the above expansion, the δw factor just accounts for the probability to trigger an avalanche at t = x = 0. Introducing ρ t=x=0 [u xt ], the density of velocity fieldu tx inside an avalanche that starts at t = x = 0, we write
where here this equation can actually be viewed as a definition of the density ρ t=x=0 . The fact that these definitions indeed correspond to what is usually meant by avalanches in the quasi-static limit is discussed below. This formulation is up to now completely general. Let us now focus on two types of sources: λ 1 xt = (−µ + λδ(x − y)δ(t − s))θ(t) and λ 2 xt = (−µ + λδ(x − y))θ(t) (θ(.) denotes the Heaviside theta function). In both cases, the µ variable probes the total size of the avalanche S = x,t>0u xt . In the first case, λ probes the local velocity at t = s and x = y during the avalanche. In the second case, λ probes the local size of the avalanche at x = y, S y = t>0u yt . We write the associated generating function
. These are obtained through the formula (23) by solving (22) which leads to
t=x=0 (S, S y ), (25) where ρ
t=x=0 (S,u ys ) (resp. ρ (2) t=x=0 (S,u ys )) is the joint density of total size S and velocity fieldu ys (resp. of total size S and local size S y ) for avalanches starting at t = x = 0. In practice we will only be interested in computing the mean velocity-field inside avalanche of total size S, u ys S (resp. the mean local size inside avalanche of total size S, S y S ). These are computed as
µS with appropriate contour of integration, and we have introduced ρ(S) the density of avalanches of total size S, previously computed up to oneloop in [27, 30, 36] 
t=x=0 (S, S y ) is the density of avalanches of total size S starting at x = 0). For the observables we are interested in, we will thus only need to solve (22) at first order in λ.
Link with the stationary driving
Let us now present here how the precedent approach is linked to avalanches occurring in the quasi-static stationary state of the interface dynamicẇ xt = v → 0 + . We introduce ρ 0 the mean density of avalanche per unit of driving and p[u tx ] the (functional) probability of velocity fieldu tx inside an avalanche. At first order in v, the generating function G[λ xt ] = e xt λxtuxt can be written as (27) where we reintroduced ρ[u xt ] = ρ 0 p[u tx ] the density of velocity fieldu tx inside an avalanche. The equation (27) can be seen as a definition of what is meant by avalanches in the quasi-static setting. The time scale T that appears in (27) should be much larger than the time-scale of avalanche motion (to allow the avalanche to terminate) and much smaller than the typical waiting time between avalanches. This only works if λ xt is also non-zero in a time window smaller than T : this ensures that the measurement made on the velocity-field is also inside a single-avalanche. On the other hand, the small velocity expansion made directly on the action (18) and compared to (27) gives
where here the average , λxt refers to the average with respect to the dynamical action (18) with source λ xt . In the right of (28), the integral over time and space originates from the fact that we have consider the effect of avalanches starting at any point of the interface, and at any time in the time-window T . From a field-theory point of view, it is then natural to interpret m 2 ũ x=t=0 λxt as the contribution from avalanches starting at t = x = 0 (diagrams entering into ũ x=t=0 λxt can only have a first non-zerou xt at x = 0). Furthermore, this is supported by the non-stationary setting in which this interpretation is immediate. In the quasi-static setting we can only a priori consider sources λ xt non-zero in time windows smaller than T to make sure that only one avalanche is taken into account. However, from a practical point of view, when T >> τ m where τ m is the typical time scale of avalanches, both descriptions give exactly the same result as detailed in [30, 41] .
Calculation in the BFM
Mean-velocity field inside an avalanche in the BFM Here we present the calculations leading to the resuts Eq.(4) and Eq. (7) of the letter for the mean-velocity field inside avalanche of total size S in the BFM u ys S (denoted v(y, s) in the main text with y = x and s = t). We have to solve to first order in λ the instanton equation
Note that here, in dimensionless units, time and avalanche size are measured in terms of the natural units of avalanches motion τ m = η/m 2 and S m = σ/m 4 . The perturbative solution isũ xt =ũ
,ũ
here written in Fourier space for the O(λ) part:ũ
xt . This immediately gives
Using the tree result for the avalanche size density
πS 3/2 e −S/4 we obtain the mean velocity field inside a single avalanche using (26) as
In the notation of the main text, we thus obtain (4) that we recall here
Extension to LR elasticity Following the same computation, one obtains for the case of the BFM with long-ranged elasticity (with the kernel (17))ũ
And thus
Note that here, the spatio-temporal shape does not satisfy the expected scaling form (2), <u ys > S = S
2 ) for all S. This should not be surprising, it is known that the present theory describes scaleinvariant avalanches only for S S m (here S m = 1 in dimensionless units is the large scale cutoff S max mentioned in the main text, and note that in our theory the low-scale cutoff on the scaling regime S min also mentioned in the main text can effectively be taken to 0 for shape observables). The fact that the scaling hypothesis for the mean velocity field holds ∀S in the BFM with short-ranged elasticity is the true surprise. Scaling in the long-ranged model is restored at small S and here
Evaluating this integral in dimension 1 immediately leads to the result (7).
The mean shape of avalanches in the BFM: results in Fourier space We now derive the result Eq.(5) of the letter. Using (31), we immediately obtain the mean-shape of avalanche in Fourier space in the BFM asF
i give here the large and small momenta behavior ofF MF (q):
Extension to LR elasticity We now compute the mean shape in real space. In particular we obtain the result Eq.(6) of the letter. The extension of the precedent results to the case of LR elasticity is straightforward. As written in the main text and following the formula (36), the mean-shape in Fourier space in the scaling regime for LR elasticity is simply obtained from the precedent results by changing q 2 → |q|:
In particular it now has an algebraic tail at large q with exponent 1/q 2 ,F MF,LR (q) (33):
This integral can be expressed either as the sum of three series:
or, equivalently, as the sum of three generalized hypergeometric functions (corresponding term by term to the series): 
The expressions (42) and (44) are adequate for d = 1, 3. For d = 2, 4 one must first take the limit d → 2, 4 before evaluating. This is easy to do with mathematica, and we give here only the two leading terms at small x:
For d < 4 the value at zero is finite: 
2). For d > 4 it diverges near zero as
The large distance behavior is easily obtained from the saddle-point method on (41). It yields a stretched exponential decay at large x with exponent 4/3, independent of d:
Extension to LR elasticity We did not attempt to find expressions for the mean-shape in real space for LR elasticity in any d. In the most experimentally relevant case of d = 1 however it takes a simple expression: integrating (7) from t = 0 to t = ∞ leads
We note in particular the behavior around
, reminiscent of the 2/q 2 tail in Fourier space. At large x, the mean-shape now decays algebraically as F MF,LR d=1
O( ) corrections
"Brut" corrections At O( ) we focus directly on the computation of the mean-shape at fixed size S y S . We need to solve
at order 1 in λ and order 2 in ξ x . When ξ x = 0 (corresponding to the BFM model) this equation was recently solved exactly [44] to study the joint distribution of total size S and local size S y in the BFM. Here we will only be interested in its perturbative solution up to first order in λ (to study the mean shape) but up to second order in ξ x (to study O( ) corrections. We can look for time-independent solution and use a double expansionũ x = 1 i=0
Using Z (2) (µ, y, λ) = m 2 ũ x=0 ξ we obtain (in dimensionless units)
These are most simply expressed in Fourier spaceZ(µ, q) = x e iqy Z(µ, y) and we find
where we have introduced the response function G q (µ), a dressed version of the elastic kernel g q = 1 m 2 +q 2 .
Counter-terms
The result for δZ(µ, q) is not yet complete: the integrals present in (53) diverge at large q for d < 4. This is a usual feature of one-loop computations in field theory. As detailed in [30] , when doing a pertubative calculation in (19) , one has to take into account a renormalization of σ and m 2 (the latter being in fact an artifact due to the utilization of the oversimplified one-loop action (19) ). For clarity let us now denotes σ 0 and m 
is the bare propagator. The parameters entering in (54) are either the bare parameters or the renormalized parameters (these choices differ from a term of order O( 2 )). The fact that the theory is renormalizable imply that divergences present in (53) should disappear when expressing the results in terms of renormalized parameters. Let us thus denote {K 0 } := {σ 0 , m 2 0 } the set of important couplings and emphasize the dependance ofZ(µ, q) by momentarily adopting the simple notationZ({K 0 }). Rewriting the resultZ({K 0 }) in terms of the renormalized coupling {K} leads to the definition of the counter-terms δ c.t.Z ({K}) as 
It is then easy to check that adding (57) to (53) indeed regularizes the result. The computation of the resulting, convergent integrals in d = 4 leads to the full result for the one loop correction δZ(µ, q) → δZ(µ, q) + δ c.t.Z (µ, q) with
and Z ≡ Z(µ).
The mean-shape at O( ): Laplace transform in Fourier
We now obtain the result Eq.(9) presented in the letter. Using (26), the mean-shape in Fourier space is computed
The density ρ was computed to O( ) in [27] with the result ρ(S) = ρ MF (S) + δρ(S) with
(59) S(q) S can thus be computed to O( ) as
. (60) One can check that the O( 0 ) part of this result allows to retrieve directly the result of the precedent section for the mean-shape (i.e. without computing v(x, t) S first), so that everything is consistent. A new difficulty (compared to the BFM case), is that S(q) S defined in (60) does not satisfy the scaling form S(q) S = SF d (qS 1 d+ζ ) ∀S. This is natural: the scaling regime of the problem is for S S m (here S m = 1 in dimensionless units) and the universal shape of avalanches is the one obtained from (60) as S → 0. It is thus obtained here as
We now compute the expansion of (61) using (60). By definitionF d (q) =F MF (q)+δF d (q). We also use the one-loop value of ζ = ζ 1 (ζ 1 = 1/3) and obtain
Let us first look at the second term in (62):
Where here from the first to the second line we used a change of variables µ → −1/4 + µ/S and then took the limit S → 0 + of (58) to define
Using similar manipulations, the other terms are inserted inside the ILT using the representatioñ
This representation shows that the O(log(S)) terms present in (62) cancel and we obtain the result
which leads to the result (9) in the main text. Note that the result satisfies, as required from normalizatioñ
which can be checked explicitly from the above expressions using that LT
Equivalently, the total shape in Fourier takes the form
where the "self-energy" correction reads, to lowest order d+ζ . The number σ * is non-universal and depends on the microscopic disorder. Thus the scale σ is non-universal and depends on microscopic properties of the disorder. Note also that using (60) one can also study the dependence of the mean-shape when S gets close to the cutoff avalanche size S m . This dependence is expected to be non-universal and in our model we find that the amplitude of the O( ) corrections decrease as S increases close to S m .
Small and large q expansion of the mean-shape in Fourier space We now derive the result Eq.(10) of the letter. The small q expansion of δF d (q) is obtained from (66) at any order. The first terms are:
For the large q expansion, the expansion at large q of δF d (q) cannot be naively ILT. However, since we compute the ILT from µ to 1, one can derive the result with respect to µ an arbitrary number of times m to make the ILT convergent before taking the ILT since this just multiplies the end result by an innocent (−1) m factor). This leads to 
And as explained in the main text, the first term of this expansion is interpreted as a modification of the power-law
Dominant non-analyticity at small x Let us now understand more precisely how the large q behavior ofF d (q) generates a non-analyticity in F d (x) at small x. We consider the effect of a fat tail q −2β in a Fourier transform. We write
The above derivation is formal since e.g. the first integral on q on the left-hand side of (72) do not converge but we notice that (72) indeed gives, for β = 2, the dominant non-analyticity in the expansion (42) (i.e. the b p=0 term). The above calculation indicates that the leading non-analyticity present in the small x expansion of F d (x) is a term of the form
Expanding this result in α, it implies the existence of a term
in the small x expansion of δF d (x) (ψ = Γ Γ is the diGamma function). For d = 1, 3 this result correctly gives the dominant non-analyticity in δF d (x). For d = 2, one has to look at the expansion of (74) around d = 2. In doing so, one obtains terms (i) regular in x (proportional to x 2 ) that diverge as d → 2: these terms are unimportant and would be cancelled by other regular terms present in δF d (x), and (ii) a singular term which admit a well defined d → 2 limit and read:
This term is the dominant non analyticity present in δF d=2 (x).
Large x expansion of the mean-shape in real space
We now obtain the modification of the large x behavior of F d (x), and derive Eq.(11) of the letter. The mean shape in real space is obtained by Fourier transform and ILT from (i) the expressionsF MF (q) (65), δF d (q) (66) and the definition of H(q, µ), (64), or, equivalenty to lowest order in α, (ii) from the expressions (68, 69). We use the latter here:
where here the contour C can be chosen as a wedge around the branch cut µ < 0 of the integrand, such as e.g.
To compute this radial Fourier transform, we chose x > 0 oriented along the first axis. The integration over the other components q 2 . . . q d depends only on q = q 2 2 + · · · q 2 d : the change of variable brings out a factor
. Performing the rescaling (q 1 , q) → √ 2(q 1 , q) we obtain the more convenient form
where we denote Σ(q, µ) = −α h(q, µ). At the mean-field level, i.e. α = 0, the integral on q 1 can be performed by closing the contour of integration in the upper half plane (the integrand is then analytic in q 1 ), and taking into account the contribution of the pole at q 1 (µ) = i q 2 + √ µ. The scaling of this pole with µ, q 1 ∼ µ 1 4 notably leads to the stretched exponential decay of the shape at large x with exponent 4/3. Here, at O( ) we cannot a priori performs this residue calculation since the integrand is non analytic in q 1 . It seems however reasonable to assume that the behavior of F d (x) at large |x| will still be dominated by this pole in the integration on q 1 . At first order in O( ) the position of this pole is shifted as
And for the saddle-point calculation of the integral on q 1 , we can approximate
(Through rescaling one shows that higher order terms in the series expansion of h( √ 2 q 2 1 + q 2 , µ) around q 1 = i q 2 + √ µ do not contribute). Hence we have
Where we have used the fact that the dominant behavior of the integral on q is given by q 0, and we have introduced the notation
So that aµ
. Note that, using ζ = d+ζ . On the other hand, µ is conjugate to S: µ ∼ S −1 , hence the conjecture q 1 (µ) ∼ µ 1 d+ζ . At large x, the integral on µ can now be evaluated using a saddle-point calculation. It leads to, at first order in ,
Following the conjecture on the value of b we can also conjecture
Setting α = 0 in the above result, we retrieve the large x behavior of F MF d (x) using here a totally different route. Lets us warn the reader that there is some uncertainty on the values of A and B since additional contributions could come from the branch cut in q 1 . The values of C and δ however should be correct. The resulting numerical values of the exponents B and δ are summarized in Table I .
Note that (83) can also be expanded in α and gives the prediction Numerical obtention of the mean shape We now explain how our analytical results are used to obtain numerically the mean shape computed at O( ). In particular we explain how we obtain the theoretical curves presented in Fig. 3 and Fig. 4 of the letter. The correction δF d (q) can easily be obtained numerically using a numerical integration on the formula (66) and choosing a contour of integration for µ as C = (1 + e − 3iπ 4 R + ) ∪ (1 + e 3iπ 4 R + ). The precision of the numerical integration can be tested against the exact results at small and large q, (see Fig. 6 ). It can easily be Fourier transformed in any dimension to find the correction δF d (x):
where J n (x) denotes the Bessel function of the first kind. The large x behavior of these corrections agrees with our prediction (84), to a surprisingly large extent (see Fig. 6 ). Some properties of these corrections are their values at the origin δF d=1 (0) = 0.09227, δF d=2 (0) = 0.04912, the position where they cross 0, x 0 = 1.2567 (d = 1), x 0 = 1.8286 (d = 2), the position of their minimum and minimal value, x min = 2.2783, F 1 (x min ) = −0.02835, x min = 2.6634;
. We also investigate the presence of non-analyticities in the form of logarithm in the short-distance behavior of the result. In dimension 1, the correction δF 1 (0) has a second derivative at 0 evaluated as a 0 = δF 1 (0) −0.512. By plotting
we shed the light on the non analyticity present in δF 1 (x) at small x, which is found to be in very good agreement with (74) (see Fig. 6 ). In dimension 2, the dominant non-analyticity predicted in (75) compares very well with the plot of δF2(x)−δF2(0)+0.06x at small x (the 0.06x 2 term is a regular term which was not predicted by our calculations).
Adding naively these corrections to the mean-field result
then gives a result which suffers from several problems. At large x it becomes slightly negative in d = 1 and does not have the right non-analytic behavior at small x. The second problem can be cured by considering the reexponentiated Fourier result 
Details on numerical simulations
We now give details on the numerical simulations leading to the results presented in Fig. 4 and Fig. 5 in the letter.
Parameters of the simulations
For our simulations we have used σ = 1 and dt = 0.02. The discretization in time is handled using an algorithm similar to the one presented in [47] . The used values of δw and number of simulated kicks n kicks are: δw = 0.1 and n kicks = 40 × 10 6 for the SR model; δw = 1 and n kicks = 100 × 10 6 for the BFM model. As discussed in the main text, these simulations are performed in d = 1 for a line of size L = 2048 discretized with N = L points. For the SR model, δu is chosen as δu = 5δw.
PDF of avalanche sizes and measurement of S m The measurement of the PDF P (S) (plotted in Fig. 8) shows that the avalanche size distribution of both models have a lower cutoff S δw
is always given by σ/m 4 . In the BFM model, we observe a scaling
. In the SR model, for
d+ζ BF M ζ BF M , the interface does not feel the short-ranged nature of the disorder and we observe a first scaling regime coherent with the BFM, P (S) ∼ S Fig. 8 ). These measurements allows us to identify the desired scaling regime and compare our simulations with known features of the BFM and SR fixed point.
Details on the search for the seed Let us now make a few comments on some subtle points and emphasize the importance of the algorithm used in the main text to retrieve the seed of each avalanche. When we apply a uniform kick of size δw to the system, the interface always moves from a small amount. As seen above and in Fig. 8 , avalanches of size much smaller than S δw are very unlikely (note that the discretization procedure introduces another sharp, artificial, small scale cutoff FIG. 9: Density plot of the velocity field v(x, t) inside an avalanche of size S = 1760 in the mean-field model (BFM) for d = 1 discretized with N = 128 points. Line in red: backward path produced by the algorithm to find the seed of the avalanche. The inset illustrates the efficiently of the algorithm to identify, from the set of moving points of the interface just after the kick, the true seed of the observed macroscopic avalanche. In this avalanche (at least) two points (at x = 32 and x = 57) still moves at t = 2dt, but only the point at x = 32 is inside the cluster of moving points of the macroscopic avalanche and can be its seed.
on the avalanches size: since each points moves at least during the first iteration of the algorithm with velocity m 2 δw/η, the avalanche cannot be smaller than L d dtm 2 δw/η). After the first iteration, it is actually highly probable that several points along the interface are still moving, each of them being the seed of an avalanche. With a high probability, these small avalanches have sizes of order S δw and quickly perish, hence we do not analyze their shapes (they are 'microscopic avalanches'). In the following we are only interested in the shape of avalanches of total size S > 1 S δw ('macroscopic avalanches'), which only occur with a small probability. When such an avalanche occurs, since there is a large separation of scales with the small avalanches of order S δw , we expect its shape to be only very weakly perturbed by the fact that other small avalanches could have been triggered after the kick. We neglect the small probability that more than one macroscopic avalanche have been triggered by the kick. A crucial step is to unambiguously identify, from the set of points still moving during the second iteration of the algorithm, which one is the true seed of the observed macroscopic avalanche. This is what is accomplished by the algorithm explained in the text: after n t iterations of the algorithm, all the small avalanches triggered at the beginning of the avalanche have already stopped (thus in general n t has to be chosen sufficiently large). Identifying the maximum velocity inside the avalanche at time n t , we are sure to have identified a point which is inside the macroscopic avalanche. The algorithm is then devised to run within the history of the avalanche backward in time and always identify a point moving along the interface which is in the correct cluster of moving points defining the macroscopic avalanche. This is illustrated in Fig. 9 Measurement of the mean-shape We always only measure mean-shape with values of S well inside the desired scaling regime. The binning on the values of the total size S is of 0.05, we construct a grid of total sizes with the values S i = 1 × ( explains the difference between the chosen values of δw and n kicks for each model: these parameters are adjusted so as to give a comparable numerical precision for the measurement of the mean-shape of interest (i.e. large avalanches which provide a good spatial precision -for the same δw, one observes more large avalanches in the SR model than in the BFM model). The shapes are rescaled onto one another using the value of ζ given above and determined numerically in [46] . The fact that they collapse (see Fig. 4 ) using this value is another check that our simulations are correct since they appear in agreement with the high-precision simulations performed in [46] . Let us also present here the results analogous to Fig. 4 in Fourier space: see Fig. 10 . . Right: blue (resp. red) large x behavior of the mean shape measured in the BFM model (resp. SR model). To avoid the noise present at large x to dominate the large q behavior of the mean shape, we smooth our result at large x using an exponential ansatz as explained below.
Measurement of the non-analyticity at small x and fat tail at large q To measure these observables with a good precision in d = 1, we use the models discretized using 2048 points. We first obtain a smooth numerical mean-shape for the BFM and SR model by taking the average of several meanshapes obtained for various sizes (taken large to obtain a good spatial precision: for the BFM we use 20 shapes with 13575 < S < 100478, for the SR model we use 10 shapes with 7386 < S < 20095). The resulting shapes are shown on the left of Fig. 11 . We also plot in Fig. 12 the difference between the mean shape measured in our numerical simulations of the SR model and the theoretical mean-field result in d = 1 and compare it with our theoretical O( ) predictions. This notably highlights the efficiency of the reexponentiation procedure discussed previously. We then directly study the small x behavior of these shapes, leading to the results presented on the left of Fig. 5 . The study of the large q behavior is more tedious: at large x the mean shapes we obtained start to be dominated by the noise present in our numerical results. This noise blurs the analysis of the large frequency content of the mean-shape. Table III are averages on the universal ratios obtained for S > Si with i = 60 and cut = 8 to obtain a result that do not depend on cut and is free of discretization artifacts as explained in the text. A similar procedure is used for the SR model. Note that the important variations observed here for large i are just a consequence of the fact that only a few avalanches with the largests Si have been measured, hence the statistical uncertainty on the measurements of ci( cut) increases when Si increases. Note that the statistical uncertainty on the numerical measurements of the universal ratios cj increases with j since these quantities become more and more sensitive to the presence of noise in the large x tail of the measured shapes of avalanches.
We thus first smooth our results at large x result by using an exponential fit e −Cx δ with the theoretical value of δ previously obtained exactly for the BFM and using our conjecture (83) for the SR model (see Table I ). This fitting procedure is illustrated in Fig. 11 . By Fourier transform, we then obtain the results presented on the right of Fig. 5 .
Measurement of the universal ratios Here we describe the protocol used to measure the universal ratios. We measure the universal ratios defined in (89) using severall cutoff length cut for the integral on x (i.e. we consider different approximations of the universal ratios
2 that should converge to the true universal ratios c j as cut → ∞). These are measured on the mean-shape F 1 (x) numerically obtained for each possible total size S i (see above for the definition of the binning procedure). Using these measurements we make sure that cut is chosen large enough so that the results are not sensitive to its finite value. We also control discretization artifacts by studying the dependence of the measured universal ratios c j ( cut ) on the total size S i : for small S i , the avalanches extend only over a few sites and the mean shape deduced from them is different from the one of the continuum theory, a difference that is seen in the universal ratios. For large enough S i , the universal ratios become size independent and we reach the continuum regime. This is illustrated for the two first universal ratios in the BFM model in Fig. 13 . In the end, the universal ratios are measured by performing an average over various, large enough total sizes S i , leading to the values presented in Table III. 
